Nalanda Open University
M.sc Part-I
Course : Mathematics

Paper- V

Prepared by : Dr. L .K .SHARAN,

Rtd. Professor & Head, Dept. Of Mathematics,
V.K.S. University, ARA.

Mobile:- 9835228272

Email Id — lalitsharan9@gmail.com

UNIT 1

LINEAR ALGEBRA
Contents : Vector Space,
Linear Combination,
Finite Dimensional VVector Space,
Row And Column Space Of A Matrix,
Isomorphism,
Linear Transformation,
Dual Space And Dual Basis,

Projection


mailto:lalitsharan9@gmail.com

1. Vector Space, Vector Sub-Space, Linear Combination, Linear

1.1.

1.2.

Group:-

Dependence, Linear Independence

Introduction-: It is physics which gives inspiration of the concept of a vector
space as an algebraic system. It is a well known fact that in a plane or 3-dim.
space vectors can be added, subtracted, and they can be multiplied by real or
complex scalars.

Vector space is an algebraic generalization of the space of vectors. We often see
their usefulness in solving the system of linear equations.

Linear algebra is a separate branch of algebra which combines the study of
matrices and vector space.

Definitions-: The basic idea of a group and field is the point of origin in the
study of vector space.

A system (G, 0) containing a non empty set G and an operation 0 defined on it is

called a group if the following conditions are satisfied:

()
(i)
(iii)

(iv)

a0beG Va,b eGi.e closure property is satisfied

a0(b0c)=(a0b)0c;a b, ceGi.e, associative law is satisfied

There exists an element e in GsuchthateO0a=a0e=a VaeG

e is called the identity element of G. So existence of identity is satisfied.

For every ain G an element a™ is in G such that

a0a'=at0a=e.a? iscalled inverse of a.

However, if one additional properthataOb=b0a V a, b € G also holds good
then the group (G, 0) is called a commutative group or an abelian group.

Field:- A system (F, +, .) containing a non empty set F together with operation ‘+ ’(addition)
and ¢ .” multiplication is called a field if the following conditions are satisfied:

1)

(F, +) is an abelian ( or commutative ) group.

(2) (F,.)isan abelian group

(3) Multiplication is distributive w.r.t addition.

Thatisa(b+c)=a.b+a.cand(b+c).a=b.a+c.a Vab,ceF
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Vector Space:- By K we shall understand either the set R of all real numbers or the set C of
all complex numbers.

By a linear map we understand the following two maps.

Q) (x, y) > x +y from E x E into E called vector addition
(i) (o, X) > o x from K x E into E called scalar multiplication.
The above two maps are assume to satisfy the following conditions:
(@) (E, +) isan abelian group
b)ax+ty)=ax+ay, X,yeE, aekK
© (at+tB)x=ax+Px,xekE o peK
daoaPBx)=(p)x,xekE, a,pekK
(e) 1.x=x,x € Eand 1is the unity element of K

Whenever the above conditions are satisfied we say that E is a vector space ( or linear space )
over the field K and in this case we write E(K). If there is no chance of confusion in we write
simple E to mean that E is a vector space over some field K.

When K = R ( the set of real numbers) we say E a real vector space

and if K = C ( the set of complex numbers) we say E a complex vector space.

Vector Sub-Space:- Let W be a non empty subset of a vector space E(K) then W is called
Vector Sub-Space of E(K) if W is itself a vector space over K under the operations defined
over E.

Sum of two Vector Sub-Space :- Let w;, w; be any two sub-spaces of a vector space E
over the field K, then we define

Wi+ Wo={ Xp+ Xo: X1 € Wp, X2 € W } =W (Say)
it is easy to see that w is a vector space.

Direct sum of two vector sub-spaces :- A vector space E(K) is said to be direct sum of
two vector sub-spaces w; and w; if

E=w;+w, and wy nw, = {0}
Whenever E is the direct sum of wy and w, |, E = w1 ® ws.

Linear combination :- if {xy, X, .......X,} be a finite set of vectors of a vector space E(K)

and {ou, oy, ...... , oin} be a finite set of scalars of K then
o Xp+ ap Xyt .. + o Xy IS called the linear combinations (L . C) of vectors (X1, X2, ...... Xn)
and scalars (o, o, ...... , Oln) -
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Finitely Generated Vector Space:- Let {X1, X, X3 ,......Xn} be a non empty finite subset
of a vector space E. Now if the sub-space [X1, X, ...... Xn] equals E then we say E is finitely
generated.

Quotient Space:- Let U be a sub-space of a vector space E(K). Let x e U be arbitrary then
x+U={x+u: ueU}iscalledaco-setU inE.

Let E/U =the setof all co-setsof UINE={x+u: xeE}

We define vector addition and scalar multiplication on the set E / U in the following ways:

() (x+U)+(y+U)=(x+y)+U
(i) ao(x+U)=ax+U, foreveryx,y e E and o € K.

Then E / U is a vector space called quotient Space of E by U.

Zero Vector :- Any vector is called a zero vector if each of its component is zero
e.0{0,0,0..,..... 0} is zero vector. The zero vector is denoted by 0 simply.

Linear Independence (L . | ) :- A finite set {X1, X, X3 ,......Xn} of elements of a vector
space E(K) is called linearly independent set if

Whenever oy X1+ oo Xo + ... + o Xy = 0 for each a; € K then

Linear Dependence (L. D) :- If au g+ ap Xz + ... + an X = 0 for x; € E(K), 0 € K, for
each i then some o # 0. It is also called non trivial linear relation between X1, X2, X3 ,.....,Xn .

Basis of a vector Space:- A non empty finite subset {Xi, X2, X3 ,......xn} of vectors of a
vector space E(K) is said to be a basis of E if :

0] The set {X1, X2, X3 ,.....,Xn} IS linearly independent and
(i) The sub-space [x1, Xz, ...... Xn], generated by vectors X1, Xz, X3 ,.....,Xn, equals E.

Equivalently:- A linearly independent set of vectors of a vector space E is called a basis of
E if it generate E.

Dimension of a vector space:- The number of elements in a basis of a vector space E is
called the dimension of E. The dimension of a vector space is also called the rank of it.

1.3. Theorem:

Theorem (1.3) i1(2018) :- Any two bases of a vector space E have the same number of
elements.
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Proof :- Let {e, €, €3 ,......en} and {01, 92, s ,.....,0n} be any two bases of a vector space
E(K).

Now since the set {es, €, €3 ,.....,en} Of vectors is a basis
= Vvectors ey, €y, €3 ,.....,&, are linear independent.

Also {g1, 02, 93 ,.....,gn} is @ basis of E with m elements

Thus n <M --=========mmmmmmmmmmmm (1)
Again the set of vectors {gi, g2, 03 ,......n} IS @ basis of E so its vectors are linearly
independent.

Also {e1, ez, €3 ,.....,.en} Is a basis of E with n elements

Thus from (1) and (2) m=n
That any two bases of a vector space have same number of elements.

Theorem (1.3) ii :- Let E be a vector space of dimension n. Then any set of n linearly
independent elements of E is a basis of E.

Proof :- Let {1, X2, X3 ,.....,Xn} be any set of n linearly independent elements of vector space
E.

Then by a theorem for any x in E the set {X1, X2, X3 ,......Xn, X } of n + 1 elements of E is
L . D but then we can get scalars oy, o, ...... , Oy, o Not all zero such that

X1+ ooXo+ ..., + o Xy, ton, =0.

But by assumption {x1, X2, X3 ,.....,.Xn} is linearly independent set.
Thus o #0

Thus x = - ot (ar Xp+ ae X + ... + 0ty Xp)

Hence {x1, X2, X3 ,.....,.Xn} generates E and is linearly independent.
Thus the set {X1, X2, X3 ,.....,Xn} forms a basis of E.

1.4. Solved examples :

Example 1:- The set of real numbers with usual definition of addition and multiplication is
a field.
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Example 2:- The set of complex numbers with usual definition of addition and
multiplication is a field.

Example 3 (2018):- Show that vectors { x + 1, x — 1, -x + 5 } is linearly dependent.
Observation:- Lete;=x+1;e,=x—1;e3=(-x+5)

Againletae;+bey+ce;=0

Thena(x+1)+b(Xx-1)+c(-x+5)=0

=>x(a+b-c)+(a-b+5c)=0

From (i) and (ii) we get

a=-b+canda=b-5c

Solving these two we get b = 3¢

Putting this value b = 3c in (ii) we geta =- 2¢
Thus these equations have a non trivial solution.
Alsoa:b:c=-2c:3c:c ie a:b:c=2:3:1
Thus the set of given vectors is linearly dependent.
Example 4(2018):- Show that the set {x* + 1, 3x — 1, -4x + 1} is linearly independent.
Solution:- Lete;=x?+1;e,=3x — 1; e3=-4x + 1
Again letae;+bey+ce;=0

= a(+1)+bBx—1)+c(-4x+1)=0

—=x*@) +x(3b-4c)+ (a—b+c)=0

Thusa=0 ------- (1)
3b-4c=0------- (i) and
a-b+c=0------ (iii)

due to (i) and (iii) we get
—b+c=0 =b=c[sincea=0] ----------- (iv)
Thus from (iv) and (ii)
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3(c)-4¢c=0=>c=0

Thusb=c=0

Thusa=b=c=0

Thus {x* + 1, 3x — 1, - 4x + 1} is linearly independent.

Example 5 (2018):- Prove that the vectors (1, 0,-1), (1,2, 1), (0, -3, -2) form a basis
Proof :- We prove this in two parts.

In first part we show that given vectors are linearly independent and in the second part we
show that given vectors generate V3 (R)

For this first part : Leta(1,0,-1)+b(1,2,1)+c(0,-3,-2)=0=(0,0,0)

Thena+b=0-------- (i) >a=-bor b=-a
2b—-3c=0-------- (i)
-a+b-2c=0-------- (iii)

from (ii) and (iv)

c=0

S b=c=0=Db=0

Butb=-a=a=0

Thus we have

a=b=c

thus given vectors are linearly independent.
So the first part is done.

We now come to the 2" part

For this, sufficient to show that any vector x = (X1, X2, X3) of V3 (R) can be expressed as a
linear combination

x=1(1,0,-1)+m(1,2,1)+n(0,-3,-2) -----mmmmm- (A)
[6]



Then we have to determine I, m and n.
Since X = (X1, X2, X3) = (1 +m, 2m -3m, -l + m - 2n)

Then Xy = + M -------m-mmmm- (i)

from (i) and (iii)

X3=-X1+m+m-2n

= Xztxi=2m-2n=2m-3n+n=X,+n (fromii)

= X1—Xp+X3=n

Also from (ii) X2 = 2m — 3 (X3 — X2+ X3) = 2m = 3X; — 2Xp + 3X3 = M =% (3X1 — 2%, + 3X3)

Again | = X3 — % (3Xy — 2X2 + 3X3) = Y2 [- X1+ 2X5 - 3X3]

Thus X = (X1, X2, X3) =1(1,0,-1)) +m(1,2,1)+n(0,-3,-2) =% [- X1+ 2X, - 3x3] (1,0, -1)
+ % (3Xy —2X2+3X3) (1,2, 1) + (Xg— X2+ X3) (0, -3,-2)

Hence we find that each vector of V3 (R) is a linear combination of the given vectors.

It means the given vectors generate V3 (R)

Therefore the given vectors (1,0,-1),(1,2,1), (0, -3, -2) form a basis of V3 (R).

Also the dimension of V3 (R) is 3.

Example 6:- Prove that the vectors e;= (1,0,0),e,=(0,1,0)ande3=(0,0, 1) of
V3 (R) are linearly independent and they form a basis of V3 (R). Also find the dim V3 (R).

Proof :- Let a; e; + a, e, + a3 €3 = 0 where 0 is zero vector of V3 (R) and a;, ay, aze R

=a(1,0,0)+a(0,1,0)+a3(0,0,1)=(0,0,0) but then by definition scalar
multiplication

= (a1,0,0) +(0,a,0)+ (0,0,a3)=(0,0,0)
Thus by the definition of vector addition we have
(a1 +0+0,0+a,+0,0+0+a3)=(0,0,0)
=(@,a,a3)=0=a=a=a3=0
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Thus the set { ey, ey, e3} of vectors of V3 (R) is linearly independent subset of V3 (R).
Also any vector X = (X1, X2, X3) of V3 (R) can be expressed as X = X; €1+ X €2 + X3 €3
Thus each vector of V3 (R) is a linear combination of ej, e, es.

Hence V3 (R) is generated by ey, e;, €3.

Thus the set { ey, ey, e3} is a basis of V3 (R).

Also the dimension of V3 (R) is 3 [ no. of elements in basis { ey, €,, e3}].

Note :- From above two examples it follows that a vector space may have more than one
basis.

Example 7:- Let U be a sub-space of a vector space E(K) then the set E/U of all co-sets of
U in E is a vector space under vector addition and scalar multiplication suitably defined as :

(D (x+U)+(y+U)=(x+y)+U and
2 ax+U)=ax+U, x,yeE, aek.

Proof :- By definitionE/lU={x+U:x € E}
Forx,yeE=x+yeE = (x+y)+tUeEU=(x+U)+(y+U) e E/U
AlsoaeK,xe E=>axeE=ax+UeEU=a(x+U)eE/U
Thatisx+U,y+U e E/lU=(x+U)+(y+U) e E/UJIi.e; closure property is satisfied]
Alsosince (x+U)+(y+U)=(x+y)+U=(y+x)+U=(y+U)+(x+U)

(that is commutative law is satisfied )
Clearly 0 € E= 0+ U € E/U = 0 is the additive identity of E/U
As(x+U)+(0+U)=(x+0)+U=x+U /[ thus the existence of identity also holds good]
Clearly addition is associative also
Since for x € E = - x € E as E is the vector space
Then(-x+U)+(x+U)=(-x+x)+U= 0+U/(thus....
Further as we have already seen above that fora € K, x + U € E/U then

a(x+U)eE/U

8]



From which we find that

D 1(x+U)=1x+U=x+U

2 a[b(x+U)]=(@b)(x+U)

(3) it can also be easily verified that (a + b) (x + U)=a (x + U) + b (x + U)
@a[(x+U) +(y+U)]=a(x+U)+ a(y+U)canalso be easily verified

Thus all the conditions for E/U to be a vector space are satisfied and hence E/U forms a
vector space.

EXERCISES

1. Afield K can be regarded as vector space over any satisfied F of K.
2. Show that vectors (3, 1, - 4), (2, 2, - 3), (0, - 4, 1) of V3(R) are linearly independent.
3. Prove that any subset of linearly independent set is linearly independent.
4. For what value of m the vector (m, 3, 1) is a linear combination of vectors

e1=(3,2,1),e,=(2,1,0).
5. Show that the vectors (1, 1, - 1), (2, - 3, 5), (0, 1, 4) of R*(R) are linearly independent.
6. Show that vectors (1, 0, 1), (1, 1, 1) and (0, 0, 1) of V3(R) are linearly independent

and they form a basis for V3 (R).
7. Determine whether or not the following vectors form a basis of R* (1, 1, 2), (1, 2, 5),
(5, 3, 4).

2. Finite Dimensional Vector Space, Quotient Space

2.1 Introduction: In previous section we know what is the dimension of a vector
space. In this section we shall know when we can say a vector space finite
dimensional. Also we shall know about some of the properties of finite dimensional
vector space ( F.D.V.S).

2.2 Definition:

Linear span: Let S be a non empty subset of a vector space E(K) then the linear span of S is
denoted by L(S) and is defined to be the set of all linear combinations of finite subset of the
elements of S.

L(S) is also called the set generated by S.
Also if U be some other sub-space of E such that S < U then L(S) c U.
We can conclude that L(S) is the smallest sub-space of E containing S.

Also L((I)) :{0} Clearly L(S) S o Xyt oo X+ .l + on Xp - oy, 0y ... , on € K, X1, X2, X3
.o, X are finite elements of S.
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Finite Dimensional Vector Space: A vector space E(K) is said to be finite dimensional
vector space ( F.D.V.S) if there exists a finite S of U such that L(S) = E. In this case E is also
said to be finitely generated.

Infinite Dimensional VVector Space: A vector space E(K) is called of infinite dimension
if its dimension is not finite.

2.3 Theorem:-

Theorem (2.3) i :- If U is a sub-space of an n dimensional vector space E(K) then
Dim. U<n

Proof :- Let E(K) be a F.D.V.S with dimension n. Also let U be a sub-space of E.

Again let B = { X1, X2, X3 ,.....,Xn }be a basis of E.

Thus by definition L(B) = E = each element of E is generated by a linear combination of
elements of B.

Also B is a basis = Bis L.
Thus either B is a basis of U or any subset of B is a basis of U.
Since every subset of L.Iis L.I
Thus the basis of U, in no condition, will contain more than n vectors.
Hence Dim. U < n ( the number of the elements in the basis of E)
Theorem (2.3) ii :- If U is a sub-space of a finite dimension vector space E(K) then
Dim. E=Dim. U ifand only if E = U.
Proof :- U is a sub-space of F.D.V.S E(K) then U c E.
Firstly let U = E. To prove that Dim. U = Dim. E
For this, E = U = E is a sub-space of U, but U is a sub-space of E.
= Dim. E <Dim. U and Dim. U<Dim. E = Dim. U =Dim. E
Conversely let Dim. E = Dim. U. To prove E=U
Since Dim. E = Dim. U = n (say)

Let B = { X1, X2, X3 .....,Xn }be a basisof Uso that Bc U, L(B) = U and B is L. U — E then
Xie U= Xje E = Bis L.l subset of E

[10]



Also Dim. E = n = every L.l subset of E containing n vectors is a basis of E.
Thus B isabasisof E= L(B) = E

Hence U=L(B) =E

SoU=E.

Theorem2.3 iii (2018):- Let W, and W, are two sub-spaces of a finite dimensional space
E(K) then prove that

0] W; + W5 is finite dimensional
@it)  dim. Wy +dim. W, =dim (W; + Wy) + dim (W1 N W5)

Proof :- clearly W1 n W, is a sub-space of E and dim. (E) is finite
Let dim. Wy =m, dim. Wy=nand dim (W; nW,) =r
Let {es, e, €3 ,.....,6r} be the basis of W1 n Wo.
Obviously this basis can be extended to the basis of W, and also to the basis of W..
Let S; = {e1, €2, €3,......&r, 01, U2, 03 ,.....,Om-r D€ the basis of W .
S, ={e1, €2, €3 ,....,€r, P1, P2, P3 4----,Pm-r} DE the basis of W5 .
We now set S = {eq, €2, €3 ,......6r, 01, 92, 93 ,-ee,Om-r » P1, P2, P3 seveeeyPrror J ====m====== (1)
To see that S is a basis of Wy + W,
For this, sufficient to show that S is L.l and S spans Wy + W,.
For this, let aje; + axe, + ...+ ar e, +by g1+ b2 92 +.... 40 Gmor + C1P1+ CoP2 + ..+ Chor Prr =0
Where all ay, ay...... by, by.... €1, Co.... e K
Then cip1 + Cop2 + ....4Cnr Prr = Y @i eit+ Y bj gj = + X ckpk e Wy.
Similarly, }; ck pk € W, = ) ckpk € (W1 nW,)

Also Y ai ei+ ) bj gj =0 ( since vectors e; ,...,er and py, p2, .....are L.1 s0 ¢; = C, =.....= Cpr =
0 and a;+ a,...... & = 0)

Thus (1) is L.1I.

We have to show that S spans W; + W,

For this, Let e be any element of W; + W, then e = g + p (by definition )

Such that g € Wy, p € W». Also as S; and S; are bases of Wy and W, respectively
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so g and p can be expressed as

g=2Xi-,aiei+ X7 bjgi ,aand by, answerable

andp= Yi_,diei +¥721 ¢jpj, di, cje K

thus clearly e is the linear combination of elements of S.

Then S spans W; + W5, i.e, S is basis for W; + W, = W, + W, is finite dimensional.
So the first part is done.

Further,

Also dimension of W; + Wo=m+n-—ri.e, dim (Wy+Wy)=m+n-—r

Butdim. Wi +dim. W, =m+n=r+(m+n-r)=dim (W; nW,) + dim (W1 + W,)
Or equivalently dim (W + W) = dim. Wy + dim. W, - dim (W1 nW,) proved.
Theorem (2.3) iv :-Let

Q) V(K) be a finite dimensional vector space
(i) (1) W1, W, be two sub-spaces of V(K)
(iii) Vs the direct sum of Wy and W,

Then dim V = dim. W1 + dim. W,
Proof :- Since by hypothesis V is finite dimensional, W; , W, are its sub-spaces
Thus W; and W, are also finite dimensional
Let =dim. W;=mand dim. W, =n.
Also given V=W;® W, =V =W; + W, and W; n W, = {0}
Let S; = {e1, e, €3,.....,em} be the basis of W; .
S2={01, 92, 03 ,.....,0n} be the basis of W,.
let S;={e1, €2 €3,.....m, U1, 92, 93 ,--.-,On}
then we find that:
(a1 + @+ ...t a@meém ) + (b1 g1+ b2 gz +....+by On )
= ((b1gitbyga+...4bygn) =- (€1 + €2 + ...+ amem )
Thus aje; + aze; + ...t amem e Wi Wy and by g1+ b g2 +....40, 0 € W1 W,
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But W; n W, = {0} = both of the above L.C. are equal to zero
But S; and S; being bases are L.I. so all scalar are zero.
Thus Ss is also L.I.
Lett € V be arbitrary thent=e+g,e e W1 ,g e W,
= e, g can be expressed as L.C. with the elements of W, and W, separately
Thust=e+g=aje;+axe, +....+ anen+ by g1+ by g +....+b, gn.
= Sz generates V thus Sz forms a basis of V.
Hence dim V =m + n =dim. Wy + dim. W, proved.
Theorem (2.3) v (2017) :-Let W be a sub-space of a F.D.V.S. V then
dim. V/W = dim.V —dim. W
Proof :- Let dim. W =m and { wy, Wz, W3 ,.....,W, } be a basis of W
= (W1, Wa, W3 ,.....,Wp) IS in W
= itis L.I. in V then as we know,
{ W1, W, W3 ,.....,.Wn, V1, V2, V3 ,.....,Vh } can be extended basis of V.
Thusdim.V=n+m
We consider the set {w + vi, W + V5, .... , W + vp,,}, we show it forms a bases of V/W .
Let ap(W + vy) + ap(w + Vo) + ... + on(W +vy) =w, o € K (the field )
=S>W+ (ouvitaovet .t onVy) =W =ogvitapvo + ot apVp e W
= Vit oVe + ...t an Vp IS L.C. of wy, Wo, W3 ... ;Wi =
= Vit oVo ot o Vn = Biwi+ BoWo + ot B Wi, Bj e F
= oqVi+ opVo + .t O V- BiWi- BoWo - eo- B W =0 =0 = B =0 forall i, j
=S>{Ww+v,W+vy ..., W+ Vy}isL.I
Again, foranyw +v € V/IW , v € V = v is linear combination of wy,.....,Wm, V1, .....,Vq, .
Let v =ouWi+ 0oWs + ...+ o W + B1Vi+ BoVo + ..ot Br Va @i, Bj € K
Againw + v =W + (ouW1 + apWy + ...+ 0lm W) + (B1ve + BaVa + ...t Br Vi)
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=W+ (Biva+ Bava + ..ot Bn Vi)

= {(w+Bwvy) + (W+Bavz) +..t (W Bnvn) }
= Br (W + V1) + Ba (W + o)+t B (W + V)
Thus S spans V/W and is therefore a basis is
=dim. V/W =n

Therefore dim. V/W = dim.V —dim. W
2.4. Exercise:

Problem 1. The linear span L(S) of any non-empty subset S of a vector space V(F) is a
subspace of V(F).

Problem 2. If S, T are two subsets of a vector space V, then

(1)ScT=L(E)cL(N)
2 L(SuT)=L(S)+L(T)

Problem 3. The linear sum of two subspaces Wy and W, of vector space V/(F) is generated
by their union.

ThatisW;+W, =L (W1 u Ws )

3. Row space and column space of a matrix, Dimension and Rank

3.1 Introduction: In this section we shall learn how to introduce the notion Linear
combination, linearly independent etc. for the cases of matrix. We are already well
acquainted with row and column but now we shall also know what are row and
column spaces.

3.2 Definition:

Echelon matrix: Let A =[ a;] be an m x n matrix over some field F. Now if the number
zeros preceding the non zero elements of a row increases row by row. The elements of the
last row or rows may be all zero then the matrix A is called an echelon matrix. Sometime we
also call echelon form.

Distinguished elements of a matrix A: The first non zero elements in the rows of an
echelon matrix A are called distinguished elements of A.

Row canonical form of a matrix : If distinguished elements are each equal to 1 and are
the only non-zero elements in their respective columns. It is also called row reduced echelon
matrix.

[14]



Example 1. Matrix A= (301 is an echelon matrix.
012

004 Distinguished elements are — 3, 1, 4

Example 2. A= (1301
0012( isarow reduced echelon matrix.
0000

Row-Equivalence of two matrices: Let A and B be any two matrices then A is called
row equivalent to B if and only if B can be obtained from A by a finite number of elementary
row operations.

Column Equivalence of two matrices: A is called column equivalent to B iff B can be
obtained from A by a finite number of elementary row operations.

Row space of a matrix: Let A = [ a;] be an m x n matrix over a field F. Then the m
vectors of rows of A are as below:

Ri1= (a1, a12,..... , @1 ) IS an n tuple over F
R, = (az1, az2,....... , d2n ) IS an n tuple over F
Rm = (@mi, @m2,.ee-e-. , @mn ) 1S @n n tuple over F

Then L(R]_' R»
Vectors RJ_’ R,

Rm), the linear span, is a sub-space of F", is called the row space of A.
Rmare called row vectors. Row space A is denoted by R(A)

Column space of a matrix: Let A = [ a;;] be an m x n matrix over a field F.

Then C. = ( ad11, A21,eeeenns , Ami )
Cg = ( di2, d22,..u.nn. , dm2 )
Cn = (a]_n, a.2n, ....... y amn )

C,) is a sub-space F™ and we call it column space of A.
C, are called column vectors.

The linear span L(Cy C,....
generally we denote it by C(A). vectors C; C,

[15]



Null space of a matrix A: Let A =[ a;] be an m x n matrix over a field F. then we denote
null space of A by N(A) and we define it as

NA) ={xeF:Ax=0}.

Note 1: column space of A is the same as the row space of A'.

Row rank (‘or column rank ) of a matrix A: The dim. R(A) is called row rank and
dim. C(A) is called column rank.

Also dim. R(A) = row rank of A =the number of non zero rows in the echelon matrix of A.

Rank of a matrix: Row rank of A (or column rank ) of A is called the rank of A.

3.3. Theorem:

Theorem (3.3) i :- Row equivalent matrices have the same row space.

Proof :- Let A and B be any two row equivalent matrices.

Then by definition,

Each row of B is either a row of A or is the linear combination of rows of A.

Hence row space of B is contained in row space of A -------------- 1)

On the other hand in a similar way we start from B and apply elementary inverse operations
we can find that,

row space of A is contained in the row space of B ----------------- (2)

Thus from (1) and (2) it follows that

The row space of A and the row space of B are the same. ,,

Theorem (3.3) ii :- Row space and column space of a matrix A have the same dimension
Or

Let Amxn be a matrix then dim. of its row space is equal to the dim. of its column space.

Proof :- Let{ v, V2, V3 ,.....,vi }be a basis for C(A)

Then each column of A can be expressed as a linear combination of these vectors,

We suppose that the i"" column C; is given by

Ci = oyjVy + Vo + ...t O Vi

[16]



Let us form two matrices as follows:

B is an m x k matrix whose columns are the basis vectors v; , while C = (oi;;) is a kK x n matrix
whose i column contains the coefficient o 0z | ....., ouq then it follows that A = BC .

However we can also view the product A = BC as expressing the rows of A as a linear
combination of the rows C with the i row of B.

Now giving the coefficients for the linear combination that determine the i™ row of A.

Therefore the row of C are a spanning set for the row space of A, and so the dimension of the
row space of A is almost K.

Thus we conclude that dim{ row space (A) } < dim{ column space (A) }------------ 1)

Applying the same argument to A" we can see that

dim C(A) < dim R(A) —)
thus it direct follows from (1) and (2) that

dim { C(A) }= { dim R(A) },,

Theorem (3.3) iii :- The non zero rows of an echelon matrix are linearly independent

Proof :- Let Ry R> R, be the non zero rows of an echelon matrix A.

To prove Ry, R, Ry are linearly independent vectors.

If not then let Ry, R, Ry are linearly dependent

Then one of rows say Rp, is a linear combination of the preceding rows

That is, Ry = am+1Rm+1 + om+2Rme2 + ...+ apRpy ===========---- Q)

Let k™ element of Ry, be its first non zero entry.

Since matrix A is in echelon form, the k™ element of each of Ris1, Rms2, .....,Rn IS Z€ro.
Thus from (1), the k™ element of Ry, .

= the k™ element of oty+1Rm+1 + Ome2Rms2 + ...t 0nR.

= Oms1. 0+ Gmsz. 0 + ..... + & . 0 = 0 is a contradiction as by assumption k™ element of Ry, is
non zero.

Thus Ry R, R, are linearly independent ,,
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3.4 Solved example:

Example 1. Reduce A = [L -2 3-1 fo echelon form and then to row
2-12 2| reduced echelon form.
3123

Solution : Operating R,—> R, + ( -2 ) Ri, R3—> R3 + ( -3) R1

Thus -23-1
A~ 03-44 | operate R3— 3R3 + (-7 ) R, then we have
07-76
1-23-1

~ 03-44 which is an echelon form of A.

007-10

Now we reduce it to row reduced echelon form.

We operate R, —» 1/3 R, , R3— 1/7 Rz then
1-2 3 -1

A~ 0 1-4/34/3

0 01-10/7

Now operating R; —» R; + 2 R, , then
101/35/3
A~ 01-4/34/3
001-10/7

We now operate R, - R; + 4/3Rzand R; — R; + (-1/3)R3

[18]



= 10015/7
A~| 010 4/3
001-10/7

This is the required form.

Example 2. Show that the matrices A and B have the same column space where

135 12 3
A= 1143 andB= [2-34
119 71217

Solution: Matrix A and B will have the same column space if and only if A" and B' have
some row space.

Thus we have to reduce A' and B' to row reduced echelon form:

111 111 111 103
For,sinceA'= | 341 ~ [ 01-2]| ~| 01-2| ~ |01-2
539 0-24 000 000
1-27 1-27 1-27 103
AndB'=|2-312| ~ |01-2| ~ |01-2| ~ |01-2
3-417 01-4 000 000

Thus from above it is clear that

The non zero rows in row reduced echelon matrix of A’

= the non zero rows in row reduced echelon matrix of B'

~R(AY=R(B") = C(A)=C(B) //

Example 3. Find the basis for the row space of the matrix A and determine the rank where
123

A= |254
115
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4. Isomorphism

4.1 Introduction: We have much studied about isomorphism in group theory. In this
section we shall study the role of isomorphism in the context of a vector space and its field.

4.2 Definition:

Isomorphism of vector spaces: Let E and E’ be any two vector spaces over the same
field F. Again Let f : E — E’ be a mapping then f is called an isomorphism if

(1) fis one — one onto
(2) f(x+y)=1(x) +f(y), x, ¥y € E, f(x), f(y) € E’ and
(3) f(ax)=a f(x),x € F,x € E.

Whenever f is an isomorphism of E and E’, we say that E is isomorphic to E’. We also say
that E’ is an isomorphic image of E.

4.3 Theorem:
Theorem (4.3) i :- Every n-dimensional vector space V/(F) is isomorphic to F"(F)

Proof :- By question V(F) is an n-dimensional vector space.

Let S ={ ey, €,......en} be a basis of V.

Then every vector of V can be expressed as linear combination of the elements of S.
Thenforanye e V,e=aje;+ ae, + ...+ a, €y, ay, az, ...... ,an € F.

Let T : V — F" be a mapping given by,

TE)=T (aze1+ azez + .....+ ap €y) = (ay, az, ...... , an) foreverye e V.

Then by uniqueness of the representation of e in the form e = a;e; + ...+ a, e, the mapping T
is well defined.

Also lete, e’ e Vanda e Fthene=ae;+....+ a, e,, € =be; + .....+ by e, where a;, b; € F,
i=1,2,..,n.

To prove that:
Te+e)=T{(ar+b)e+(@+h)e+.... +(an+bp)en}

=ay+ by, ax+ by, ... ,ant+ by =(ag, az, as,......an) + (by, by, b3 ,.....,0y) = T(e) + T(e")
Also T(ae) = T{a (a1 + azes + ...t anep ) }=T{ (aap)e; +(aaz) ex + ...... +(aan)en}
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Also let any (a;, a2, a3 ,.....,ay) € F' = aje;+ ag + ...+ en € V
and T(a;e; + azez + ...+ a, ) = (ay, @z, a3 ,.....,an) = T IS oNto
Thus all the conditions are satisfied for T to be isomorphism

Thus V(F) is isomorphic to F"

Theorem (4.3) ii :- Two finite dimensional vector space over the same field F are
isomorphic iff they are same dimension.

Proof :- Let E and E’ be any two isomorphic vector space over the field F.

Let T : E — E' be the isomorphism

Let dim. E=nand { ey, e,,......en} be a basis of E

Weclaim {T (e1), T (e2), ....... , T (en) } is a basis of E’

Let["iz1aiT(e)=0,a € F

=[T(ae)=0=T(0) = [aie=0 [since T is one-one ]

=3 =0 Viasey, €y,.....en are linearly independent

=T (e1), T (e2), .o , T (en) are linearly independent

Again if g € E’ is any element, then as T is onto, 3 some e in E such that
T(e)=9

Nowe e E= aje;+aer+ ...+ apep, 8 F foreachi=1,2,....,n

=0g=T(€)=T (€1 +ae; + ...+ ay ey)

= g = alinear combination of T (e1), T (€2), ....... , T (en)
Thus T (e1), T (€2), ....... , T (en) span E’
Thus T (e1), T (€2), ....... , T (en) forms a basis for E’
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It makes clear that dim. E"' =n

Thus dim. E = dim. E’ = n provide E and E’ are isomorphic
Conversely:- Let dim. E = dim. E’

To prove E and E’ are isomorphic

For this, let { ey, €,.....,en} be a basis of E and { 01, 02,.....,gn} be a basis of E'.

T(E) =T (a1e1+ae;+ ...+ a ) =ae; + aey + ...+ a, €.
Clearly T is well defined.
Also for any e, e’ € E we see that:
Te+e)=T{(aue1+aes+...+taney) +(bies+ber + ...+ bye,) }
=T{(ar+by)er+(@+hy)er+.... +(an+bp) en}
= (ap+Dby)grt+ (a2t b)) got......... + (an+ by) On
=(a101+ @02 + ...t an gn) + (0191 + b2g2 + ... ¥ bn gn ) = T(e) + T(e")
ThatisT (e +¢€') =T(e) + T(e)
Also T(ae) = T{a (ae1+ axe, + ...+ aney)}=T[aae=[(aa)y;
=—alaigi=aT(e)
We also see that :
Ife ekerTthenT(e)=0=T([aie)=0=[ag=0
=a=0, Vi, g1, 02,......0n being linearly independent
=e=0
= ker T = {0}
= T is one-one
Also T is clearly onto
Thus T is isomorphism.
Theorem (4.3) iii :- The complex plane is isomorphic to the Euclidean plane.
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Proof :- Let V = ¢, the vector space of all complex numbers over the field R of all real
numbers

Also let v/ = R?, the vector space of all ordered pairs of reals over the field R.
Letamapping T:V — V' bedefinedas T (a+ib)=(ab).

We see that:
T{(a+ib)+(c+id)}=T{(a+c)+i(b+d)}=(a+c,b+d)=(a b)+(cd)
=T(a+ib)+T(c+id)

AlsoT{a(a+ib)}=T(axa+tiab)=(axa ab)=a(ab)=aT(a+ib)
AlsoT (a+ib)=-T(c+id)

ThenT (@a+ib-c—id)=0butT(@a+ib-c—-id)=T{(a-c)+i(b-d)}=(a-c,b-d)
Thus(a-c,b-d)=(0,0)=>a-c=0andb-d=0
=—a=c,b=d=a+ib=c+id

= T is one-one

Also, obviously T is onto

Thus T is isomorphism of ¢ onto R?

5. Linear Transformation, Linear functional

5.1. Introduction: It a kind of mapping ( or transformation ) which we shall study in
linear spaces.
5.2. Definitions:

Linear Transformation: Let V and V' be any two vector spaces over the field F. Then a

mapping T : V — V' is called a linear transformation (L.T) if the following conditions are
satisfied:

0] Tu+v)=T@)+T(v),uveV
(i) Tlauw=aTlu),aeF,ueV

Conditions (i) and (ii) can be expressed together as
T@u+pVv)=aTU)+pTV),uveV, apeF.

A linear transformation is also called a linear mapping.
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Kernel of Linear Transformation ( or Null space ) : Let T be a linear transformation of

a vector space V into a vector space V'. Then the kernel of T is denoted by ker T and we
defined it as:

kerT={xeV:T(Xx)=0}.
ker T is also called Null space of T.

Kernel of Identity Transformation : It is denoted by | : V — V defined by the set
{xeV:I(xX)=x=0}={0}.

Kernel of Zero Transformation : It is definedby0: V> Vis{x e V:0(x)=0}=V.

Nullity of Linear Transformation: Let T be linear transformation of V into V' then
dimension of ker T is called the nullity of T.

Product of two Linear Transformations: For any two linear transformations T4, T, on V
we define (Ty, T2) (x) = T1 (T2(X)), x € V.

Hence we call T, T, as the product of T, and T, similar T, T, is called the product of T, and T;.

The range (or rank space) of Linear Transformation: Let T be a linear transformation

of a vector space V (F) into a vector space V' (F).

Then the set T(V) = {T(x) : X € V} is called the range (or rank space) of T.

Also the dim. T(V) is called the rank of the linear transformation T.

Linear Operator: A linear transformation from a vector space V (F) into V is called a linear

operator.

Non Singular Linear Transformation: Let T be linear transformation on a vector space
V. Then T is called invertible or non singular if T is one-one and onto otherwise T is called
singular.

If T is non singular then T™ exists such that T(x) =y iff x =T (y)
And T T =T*T = (identity element of V).

Linear Functional (2016): Let V be a vector space over a field F, thenamap T:V — F is
called linear functional (L.F) iff

(i) T(u+v)=T(u) + T(v) and
@i  T(au=aT(u),VaeFuveV
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Linear functional it also called linear maps or linear form.
We should remember that F can be regarded as a vector space over F itself.

5.3. Theorems:

Theorem (5.3) i :- Let T be a linear transformation form a vector space V into a vector
space V' then T preserves the origin and negative .

Observation:- Since T(0)=T(0.0)=0T(0)=0

And T () = T{(-1). X} = (-1)) TX) =- T(X), x € V

Note:- An isomorphism preserves origin and negative.

For an isomorphism is one-one, onto linear transformation.

Theorem (5.3) ii :- Let VV and V'’ be any two vector spaces over the same field F.
If T:V — V' is linear transformation then,

Ker T is a linear sub-space of V.

Proof :- Letx, y € Ker T then T(x) =0, T(y) = 0.

Also let a, B € F then v is a vector space = ax + By € V

Also T is a linear transformation from V to V' then T(ax + By) = aT(x) + BT(y)
=a.0+B.0=0

This implies that ox + By e Ker T forx,y e KerT, o, € F

Thus Ker T is a linear sub-space of the linear space V

Theorem (5.3) iii :- Let T be a linear transformation of a vector space V (F) into a V'(F) .
ThenT(V)={T(X):xe V}

Prove that T(V) is a sub-space of V'.

Proof :- Clearly0 e V= T(0)=0' € V' = T(0) € V' = T(0) = T(0) # ¢
= T(0) is a non empty subset of V'.

Since for x', y' € T(V) there exists X, y € V such that T(x) =x', T(y) =y'".
Also whenever x, y € V we shall get o, B € F such that ax + By € V.
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But T is a linear transformation as a result of which
T(ox +By) =aT(x) + BT(Y) =ax' +BYy € T(V)
Thus T(V) is a sub-space of V'.

Theorem (5.3) iv :- Let T be a linear transformation of a vector space V (F) into a V'(F)
then map-T given by (- T) (x) =- T (x), for every x in V is also a linear transformation from
Vinto V'.

Proof :- Since T : V — V' is a linear transformation then for x in V, T(x) € V' and V' is a
vector space = - T (x) € V' forx e V

Again clearly forx,y e V,a,B e F,ax+ By e V

Also (- T)(ax + BY) = -T(ax + By) = -[aT(x) + BT = - T(x) - B T(Y)
=a {T (}+p{ T}

Thus —T is also linear transformation from V into V' .

Theorem (5.3) v :- Let T : V — V' be a linear transformation of V(F) then prove that T is
one-one if and only if T is non singular

Proof :- First of all let T is non singular

To prove that T is one-one.

For, if K is the null space of T then K = {0}.

Also Let for x, y in V, T(x) = T(y). --------------- @

Also T (x—y) =T(x) - T(y) = T(x) - T(x) [by (1)]
=0 =T(0)

Hencex-y=0and (x-y) e K

=Xy

Thus T(x) = T(y) = x =y =T is one-one

Conversely:- Let T is one-one

To prove that : T is non singular

Sufficient to show that the null space of T = K = {0}
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For, let X € K be arbitrary, then T(x) = 0" but T(0) =0’
Thus T(x) = T(0) but T is one-one so x =0 = K = {0}
Thus T is non singular
Theorem (5.3) vi :- Let T;,T, be any two linear transformation of V/(F) into V'(F) then,
0] T1+T, and (ii))a T,
both are linear transformations
Proof :- We define T;+ T, and o T;by
0) (Ti+T) (X)=Ti(X) + Ta(x) and (e T1) X) =a T1(X) , X e V,a e F
Then (T1+T) (ax + By) = Ty (ox + By) + To (ax + BY) = o To(X) + B Ta(y) + a To(X) + B Ta(y)
= aTy(X) + a To(X) + B Ta(y) + B Ta(y)
= o (Ta(x) + To(x)) + B (To(y) + Ta(y))
=a (T1+T2) (X) + B (T1+T2) (y)
= T1+ T, is linear transformation of V into V'.

(i) (aTy) (ax +by) =aTi(ax + by) = a{a Ti(x) + b Ti(y)}
= a aTy(x) +a b Ti(y) =a{a T1(X)} + b {a Ti(y)}

Thus o T4 is also linear transformation.

Theorem (5.3) vii (2019):- If f is a linear functional on a vector space V(F) then

()  f(0)=0
(i) f(-x)=-f(x)

Proof :- Since f is a linear functional so for any x in V, f(x) € F

0] since f(x) +0="f(x) forO e F
= f(x+0)
= f(x) + f(0)

That is f(x) + 0 = f(x) + f(0) = f(0) = 0
(i)  Since f(x) +f(-x)=0
= f (-x) = -f(x)
[25]



Theorem (5.3) viii (2016):- Prove that function f on R" defined by
f(X) = (X1, X2,000,Xn) = Q1X1 + @2X2 + ...+ @y Xy iS function on R".

Where ay, ay,.....,a, be fixed scale of R.

= (Xt aXe + ...t an Xp) + (aryr + @y + .t an Yn) = F{ (X1, X200, Xn) H (Y1, V2,0 Yn)

Thus x € R. fis a linear functional on R".

Theorem (5.3) ix (2018):- let T : U — V be a linear transformation then prove that
dim. ker (T) + dim. rang (T) = dim. domain (T)

Proof :- let { oy, ay,....., ax Ybe a basis of ker (T) i.e, the null space of T.

Let dim. U = n then oy+1, 0k+2 ,....., an € U such that a4, oo,....., o, forms a basis of U.

Thus dim. ker (T) =K

Consider {T (ok+1) + T (ok+2) + ... +T (o) } - 1)
Then o in F

We have ax+1 T (0k+1) + akez T (Oks2) + oo +a, T (o) =0
Then ag+1 o1 + ke Ok T .o +a, an € ker (T)

Also { oy, ay,....., ok } is a basis of ker (T) so we can get scalars by, ba,....., by
Ak+1 Olk+1 t Ak+2 Olk+2 T+ .oeeees +a,on=brog+hbyon+...... by o
or,bios+bron+ ... by o - [ak+1 Olk+1 T Ak+2 Olk+2 T .oeeee. + a, OLn] =0

but a4, dy,....., o, are linearly independent

=bi=by= b= a1 = e an =



Again, let T (o)) € rang (T) for ae U

Clearlyo = aj o +az op + ....... +a, o .
AlsoT (o) =T (@ o) + T (a2 o) + ....... + T (a, an) and T is a linear transformation
=T (o) +aT (o) +....... +ac T (o) + aksr T (Oer) + Akez T (Oks2) + oo +a, T (an)

Since T (o) =0, 1<i<Kk.
Thus T (o) = aks1 T (0ks1) + k2 T (Oks2) + ..o +an T (o)
It means T (ok+1), -ve.. , T (oy) spans rang (T) ----------- (3)
Thus from (2) and (3)
[T (o), woven , T (ay)] forms a basis of spans rang (T)
Also dim. rang (T) =n— K =dim. U - dim. ker (T)
Or, dim. ker (T) + dim. rang (T) = dim. U = dim. domain (T).
6. Exercise:
Example 1:- A linear transformation T of R? into itself is defined by

T(er) = €1 + e + e3; T(e2) = e, + €3 and T(e3) = e, - e3 where ey, e, e; are unit vectors of R®
then,

(i) Determine the transform of (2, -1, 3)
(i) Describe explicitly the linear transformation T.

Solution:- Since ey, e, e; are unit vectors of R®
Thus e;=(1,0,0)
e;=(0,1,0)
es=(0,0,1)
. T(e1))=e1+e+e3=(1,0,0)+(0,1,0)+(0,0,1)
= T(e)=(1+0+0,0+1+0,0+0+1)=(1,1,1)
Similarly T(e2) =(0,1,1)
And T(e3)= (0,1,-1)
We know that { ey, e,, e3 } forms a basis of R®
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Thus every vector of R® can be uniquely expressed as the linear combination of e;, e, es.
Clearly (2, -1, 3) e R®
Then (2,-1,3)=2(1,0,0)+(-1)(0,1,0)+3(0,0,1)
=2e;+(-1)e;+3e3
ThusT (2,-1,3)=T{2e1+(-1) e, +3e3}
OrT(2,-1,3)=2T(e1) +(-1) T (e2) +3 T (e3)
=2(1,1,1)+(-1)(0,1,1)+3(0,1,-1)
ie, T(2-1,3)=(2 4,-2)
Hence the transformation of (2, -1, 3) under T is (2, 4, -2).

(ii) Let (x, y, z) be any in R®then as we know it can be expressed as linear combination of e,
€2, ez uniquely

Thus (x,y,2)=x(1,0,0)+y(0.1,0)+z (0,0, 1)
= Xe; +ye, + ze3
T(X,y,2) =T (xe; +ye,+ ze3)
=XxT(e) +yT(er) +zT(es)
=x(1,1,1)+y(0,1,1)+z(0,1,-1)=(X,X+y,Xx+y—2)
is the required linear transformation explicitly ( or completely )
Example 2:- if T is a non singular linear transformation on vector space V (F) then
T Is also a linear transformation.
Example 3:- if T is a linear transformation on vector space V (F) then
T is one-one if and only if T is onto.
Example 4:- Prove that a non singular transformation T on vector space V(F) is onto.
Example 5:- Verify that if a linear transformation T on vector space V/(F) is onto then
Whether T is non singular.
Example 6:- Let (i) U, V be any two vector spaces over the same field F.
and (ii) L(U, V) be the set of all linear transformations from U to V
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verify that weather L(U, V) form a vector spaces over F under addition and scalar
multiplication of linear transformations suitably defined.

7. Dual Space And Dual Basis:-

7.1. In this section our aim is to make a detailed study of the vector space of the linear
functional.

7.2. Definitions:
Dual space of a vector space V(F):- Let V(F) be a vector space over the field F.

Clearly F can be considered as vector space over F itself.

Then vector space L(V, F) of all linear transformations of V into F is called the dual space of
V (or algebraic conjugate of V)

We usually use the symbol V" for the dual space of V.

Every element of V" is called a linear functional on V.

Clearly V"= L(V, F). V"is also called simply conjugate space of V.
oLV ={T:T:Vo5F}L

Second dual space :- Like the vector space V, its dual space V" has also dual space
denoted by V", which is a vector space and is called second dual space of V.

Dual basis :- Let { vy, Vy,.....,vy } be a basis of the vector space V(F) .
Again let Ty, Ty,.....,Tn € V' be linear functional defined by :
Ti(v)=VPi;={1ifi=J&0ifi=J
Then a basis { T4, Ty,.....,Tn } of Vis called dual basis
7.3. Theorems:
Theorem (7.3) i :- Let V(F) be a finite dimensional vector space then
Then prove that : dim. V"= dim. V
Proof :- let V(F) be a finite dimensional vector space such that
dim.V =n
again let V" be the dual space of V.
To prove that dim. V' = n
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Since V" is the set of all linear functional on V(F)
ie, V' = L(V, F)

Since we know by a theorem that if L(U, V) is the set of all linear transformations from U(F)
into V(F) then

dim. L(U, V) = (dim. U ) (dim. V)

Thus dim. V"= dim. (V, F) = (dim. V) (dim. F)=n.1=n=dim. V

Thus dim. V"= dim. V.

Theorem (7.3) ii :- Let { vy, Vs,.....,V; } be a basis of the vector space V(F), over the field F
Also let Ty, Ts,.....,.To € V' be the linear functional defined by

Ti(v) = {1ifi=J&O0ifisJmmmmmmmmeee )

Then { Ty, To,....., T } is a basis of V"

i.e, { Ty, Ta,....., Ty } is a dual basis of the basis {vi, va,.....,vn }

Forthis,let T (vi) =t, forl1<i<nandt; T;+t, T+ ....... +1t, Tp =P - 2
ThenT eV andP (vi)={t; T1+t, Ta + ....... +t, Tn} ()=t [By(1)]
Leti=2,3,..,n;thenP (Vi) ={ti Ti+t, To + ....... +t, T} (vi)=t [By(1)]
ThusP (vi))=t;,1<i<n

ButT (vi)=t,1<i<n

It means P =T for every v;

On simplification we geta,= 0,1 <r<n.
Thusa; Ti+a; To + ... tan Th=0=a;=0,2=0, ........ ,a=0
Thus the set { Ty, Ty,....., Ty } is linearly independent ------------ 4)
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Thus from (3) and (4)

The set { Ty, To,...... T } forms a basis of V*

Theorem (7.3) iii (2016):- Let (i) V(F) be a finite dimensional vector space over the field
F.

(i) Bbeabasisof V  (iii) B’ be a dual basis of V

Then to show that B” = (B")' =B

Observation :- Let B = { X1, X,.....,Xn } be a basis of V

And B’ = { fy, f,,.....,F, } be a basis of V"

B ={ ey, ,.....en} be a basis of V",

By question V(F) is a finite dimensional vector space

Letdim.V =n

But we know that dim. V = dim. V"= dim. V" "=n

We also know that dim. (V) = the number of elements in its basi B.

Thus clearly each basis B, B and B’ will have the same number of elements.

Since f; (X;) = iy --------- 1)
and e; (f;) = 81y --------- (2)
now for x € V we get exin V" such that e, (f) = f(x), f € V" --------- (3)

then ey (f) = f(x)) = ex (f) =, (x) = 8iy =& (f) [by (1) and (2) ]
forJ=1,2, ... . n

= €yi = €

Thus by natural isomorphism x — ey, exis same as X.

ei=e&i=Xi >B"=B

Solved examples :-

Example 1:- Let V3(R) be a vector space and B = { (1, -1, 3), (0, 1, -1), (0, 3, -2) }be a
basis of V3(R). Find its dual basis .

Solution:- Let B = { x4, X2, X3 } be a basis of V and its dual basis be
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B'={f, f,, f3 } where
fr(X,y,zZ)=ayXx+a,y+azz a,a,azeR
f2(X,¥,2) =bix+byy+b3z
f3(X,¥,Z)=c1X+Cry+C32

Now f; (x1) =f; (1,-1,3)=a;-a,+3az=1
Similarly f; (x2) =, (0, 1,-1) =0+ a,-a3=0
fi(xs) =1(0,3,-2)=0+3a,—2a3=0

By solvingwe geta; =1,a,=0,a3=0

Thusfy (X,y,2)=1.x+0.y+0.z2=X -------- @
lly f, (X)) =0 = by-b+3b3=0

fo(xg) =1=>0+by-bg=1

fo(Xs) =0=0+3b,-2b3=0

On solving we get b1 =7, b,=-2, b3=-3

Thus f, (X, y,2) = 7X — 2y — 3Z ------------ 2
Finally f3 (1) =0, f3 (x2) =0, f3 (x3) = 1
Onsolvingwe getc;=-3,¢c,=1,¢c3=1

Thusf3 (X, y,2) =-2X+y + Z -=----------—- (3)

Thus dual basis B' = { f, f,, f3 }

={X, Tx-2y—3z,-2x +y + 2}

Example 2:- If B = { ey, e, e3 } be a basis of R}(R) then find dual basis B

Solution:- Since ey, e,, e3 are unit vectors in R*so we have
e1=(1,0,0),e,=(0,1,0),e3=(0, 0, 1).

Foramoment let B={ e, e, €3 }={ X1, X2, X3 }; B'={f1, o, f3 }
Letfy(X,y,2)=aqy+tay+asz

fo(X,y,z)=biy+byy+bhsz

f3(X,y,2)=ciy+cCoy+Csz
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Where a;, bj, cie R,i=1, 2, 3.

Now f; (X1) =1="f1(e1) =1 (1,0,0) = &
fi(x2)=0="F(e2)=f1(0,1,0) = &,

fi(xs) =0="1(e35)=%.(0,0,1) = a5

Hence f; (X,y,z)=aiX+a,y+azz=X

Alsof, (e1) =0, f, (e2) =1, f1 (e3) =0

And f; (e;) =0, f3 (e2) =0, f3 (e3) = 1

Thus f2 (X, y, 2) =,

f3(X,y,2)=2

ThusB' ={x,y,z}.

Example 3:- Let f: R*>5R, g : R>>R be two linear functions given by
f(X,y,z)=2x-y+zand

g(x,y,z)=3x—-y+ 2z, then

Find:- (1) 3f (2)5g (3) 4f-5g

Solution:- (1) Since 3f =3(2x —y +z) =6x — 3y + 3z
(2) Since 5g = 5(3x —y + 2z) = 15x — 5y + 10z
(3)4f—5g=-7Tx +y—62

Example 4:- If B={ (-1, 1, 1), (1, -1, 1), (1, 1, -1) } is a basis of V3(R), then find the dual
basis B’ of B.

Solution:- Do as above.
8. Projection

8.1 Introduction: Projection is in fact a particularly important type of linear transformation
on a linear space over some field.

8.2 Definition:

Idempotent: A linear transformation T of a vector space V(F) into V is called an
idempotent if T2 = T. Also T is called nilpotent if T = 0.
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Invariant: Let T be a linear operator on a vector space V(F) and W be its a subspace. Then
we say that W is invariant under T if T maps W into W itself. W is also called T — invariant.

ThusifanyXx e W=T(X) e W=T(W)c W

Projection: Let L be the direct sum of the subspaces M and N so that, L = M @ N. Then
each vector z in L can be written uniquely in the form z=x+ywith x inM and y in N. As X
is uniquely determined by z so we can define a mapping E of L into itself be E(z) = x. Then E
is called the projection on M along N.

8.2 Theorems:
Theorem (8.3) i :- Projection E is a linear transformation.
Proof :- Let Iy, I, € L such that Iy = my + ny, I, = my + Ny ~=-==--m--=—-—- (1)
wherem; my e M, n; npe N
Thenali+Blo=a(mi+ny) + B (ma+ny)=(amy+ B my)+ (any+ B ny)
Since M, N are subspaces so clearly a my+ 3 m, e M, aon; + B np € N and E is a projection.
Hence E (ol + B 1) = E [ (amy+ B mp)+( ang+ B ny)]

=amg+  my----------- (2) [Since if z=x + y then E(z) = X]
Also from (1) E (I) =my, E (I,) =m, (By definition of projection)
Thus from (2) we have
E(ah+Bl)=am+pBmy=aE(l)+BE()
Thus E is a linear transformation of L into L itself.
Corollary :E(m)=m< meMandE(n) =0 < n e N.
FormeM=E(@m+0)=m
neN=E(@O+n)=0

Theorem (8.3-2018, 2019) ii :- A linear transformation E is a projection on some
subspace if and only if it is idempotent. That is E = E.

Proof :- Let a vector space L is the direct sum of its two subspaces M and N.
ThatL=M @ N = | in L can be uniquely expressed as
I=m+nformeM,neN
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Let E be the projectionon M along NthenE () =E(m+n)=m
Also E (m) =m.
To prove that E is idempotent i.e, E* = E.
For this,
Since E2(I) = EE(l) = E [E()] = E (m) [Since E(l) =m = E [E(I)] = E (m)]
=m=E(l) [ by corollary]
— E%(l) = E(l) = E* = E = E is idempotent.
Conversely let E be a linear transformation on L and E = E i.e E is an idempotent.
To prove that E is a projection on some subspace
For,letU={leL:E(I)=E}-----m- 1)
AndW={leL:E()=0}------mmmmmmmmmm- (2)
Then we observe that:
Since0 e Land E(0) =0and hence0 € U,0 € W.
Now let a, B € F (the field), u;, u € U, wy; wp € W.
Then E(u1) = ug, E(up) = uy, E(w1) =0 = E(wy)
Also by assumption, E is linear and hence
E(aup+buy))=aE(u) +bE(u) =au;+bu;
Alsoau;+bu, e Uforeveryu; u, e U
Also 0 € U, as a result of which U is a subspace of L(F)
Also E(aw; + b w,) =aE(w;) + b E(ws)
=a0+b0=0 [since wy w, € W]
ThusE(aw;+bwy))=0=aw;+bw, e W.
Also 0 € W then W is a subspace of L(F)
Thus U and W are subspace of L(F)
Further :
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Letl e Lthenl=0+1=E()- E(l) +1(I) [Since E(I)- E(l)=0and I(l) =1]
=EN)+(1-E)(D=>I=u+w.

Also E(u)= EE()=E*’() =E(l)=u  (since E? = E by assumption)
Ew)=E(I-E)(I)=(EI-E) (I)=(E-E)I=0

Thus E(u) =u, E(w) =0

Thus from above we find that

I =u+w i.e. listhe linear sum of u and w.

Also, letx eunw=xeuandxew=EX)=X,EX)=0=>Xx=E(X)=0=x=0
Thusu nw = {0} and fromabove L=U+W =L=U® W.
FinallyEl)=E(u+w)=E(uU)+E(w)=u+0=u

Thus E satisfied all the conditions to be a projection on U and W.

Theorem (8.3) iii :- If V =w; ® wp ®-------- ® w, , then there exist n-linear operators Ej,
E,......En such that

(i)  each Ejisa projection:- i.e, Ei> = E; for every i
(i) EE=0ifi=j
(iii) Ep+Ex+..+E =1
(iv)  Rang (E) =W
Proof :-
Part (i) : To prove E;isa projection; i.e. Ei? = E; for every i.
For letV = w; & w, ®-------- @ wy, then a, B € V can be uniquely expressed as
o = agt apt.....tan, B = Pit Bot.....+B, such that a;, Bi € Wiforeach i
We now define a function E; : V — V such that Ej (o) = Ej (au+ aot.....+0n ) = 0
Leta, b € Fthena o, b Bi € W; (as each Wi is a subspace of V)
Clearly aa, bpe Vfora,p €V (asV is a linear space)
Also ao + bp = a (ot oot.....+an) + b(B1+ Bot.....+Bn) = (@cu+ bPy) + ...... + (aont bpBn)
So Ej (ac + bB) = a o+ b Bj = a Ej(a) + b E; (B) = Ejis a linear map.
Also we know by definition that ,
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Thatis, Ej (o) = o= Ej(oy) ------------- (1)

Now Ei* (o) = (Ei Ei) (o)) = Ei [ Ei(a) ] = Ei(os)  (by (1))

= 0 = Ei(o)

That is Ei? (o) = E; (o) = Ei* = Ejand we seen that E; is a linear map

Therefore E; is a projection.

Part (ii) : Leti = j then (Ei Ej) = Ei[ Ej(a) ] = Ei(e})  (from above)
=0=0(w)

i.e. (Ei Ej) (o) =0 ()

Thus E; Ej=0

Part (iii) : Since (Ey+ Ex+.....,+Ep) (o) = (E1 (@) + Ex(ar) +......+ En(ar))

=a=1(a) [see (1)]

i.e. (Ex+ Egt.....,.+Ep) (@) = (o)) = Eq+ Eg+...., +Ep= .

Part (iv) : Since Rang (E;) = { Ei (o) : o € V}

i € Wi = Ei(o) =0 (By definition of E;)

= a; € Rang (E)), for Ej (o) € Rang (Ei) = W; c (E)

Now if any x € Rang (E;) = x € V them we can gety € V such that E : (y) = x

= Ei (y1t+ Yot....4Yn) =X where yi1+ yo+....typ =yand y; e W; fori=1, 2, ..., n.

=vyi=x,andy; € W; sox € W; [since by (1) E; (vi) =Vi ]

Thus we get x € Rang (Ej) =x € W; = Rang (Ej) c W; ----------- (2

But W; c Rang (Ej) -------------- 3

Thus from (2) and (3) and the definition of the equality of any two sets Rang (E;) = W;//
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Theorem (8.3) iv :- Let V be the direct sum of its subspaces U and W and E is the
projection on U along W then | — E is a projection on W along U.

Proof :-Since E is the projection on U along W it means that V =U & W
Such that , U = the rang space of E and W = the null space of E
Letx e U= Xx=E(y) fory e V
= (1-E) () =x-E(X) =E(y) -E(y) =0
= x € Null space of | — E.
Alsox e W=E (X) =0 = (I - E) (x) = x for every x in W
ThusveV=v=u+w,ueUweW
=>(-E)v=(1-E)u+(I-E)w=0+w=w
The rang space of (I -E) =w
Also (I—E)’=IP+E*-2IE=I+E—-2E=(I-E)
That is (I - E)> = (1 - E) = (I — E) is an idempotent.
Thus (I - E) is a projection on W along U.
Theorem (8.3) v :- If E is a projection, then its ad joint E” is also a projection.
Proof :-Let E be a projection, then E* = E.
We have to show that E” is also a projection.
For this it is sufficient to show that (E*)* = E*
For this, since E°=E > EE=E= (EE)'=E'=> E'E'=E'=(E")’ = E"
= E" is idempotent and hence a projection.//

Solved problems :-

Problem 1:- Let V be a real vector space and E an idempotent linear operator. Prove that
| + E is invertible.

Solution:- Since (I +E) (1 - % E)= | +E-WBE-% E2=|+E-%E-% E
=|+E-E=|

Hence | + E is invertible and (I + E)*= 1 - % E.
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Problem 2:- If E and F are projection on a vector space V(K), then prove that E + F — EF is
a projection provided EF = FE.

Solution:- By question E, F are projections on V(F)

Then E, F are idempotent, but then E2 = E, F* = F

Let (as the provision is) E and F commute i.e. EF = FE.

Our problem is to establish that E + F — EF is a projection.

For this it is sufficient to show that E + F — EF is an idempotent.

For thus it is sufficient to show that (E + F — EF)> =E + F — EF

For this, L.H.S = (E + F— EF)*=(E + F— EF)(E + F— EF) Then by actual multiplication

= ( E* + EF - E* F)+ (FE+ F— FEF) +(-EFE — E F* + EFEF)

=(E +EF-EF) + (EF + F—EFF) + (- EFE - E F +EFFE)
= (E + 0) +(EF + F - EF?) + (-E* F — EF + EF’E)
=E + F + (- EF - EF + EEF)
=E+F+(-EF-EF+EF)

ie. E+F-EF’=E+F-EF

Hence our requirement is obtained.

Problem 3:- If T is a linear operator on a vector space V(K) such that

T2(1—-T) =T (1-T) 2= 0, then prove that T is a projection.

Solution:- To prove T is a projection.

It is sufficient to prove T is idempotent i.e. T?°=T

For this we are given that T is a linear operator on a vector space V(K),such that,

T’(1-T)=T(1-T)*=0

ST -T=T(P+T%-21T)=0

ST -T=T(1+T?-2T)=0

ST -T=TIH+T-2T?=0

S T?-T°=0and T+ T°-2T*=0
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Thus from (1) and (2)
T=2T-T=-T=-T
ST?=T=Tis idempotent = T is a projection/

Problem 3:- Let E be a projection on a subspace U of a vector space V(K). Then V is T-
invariant ifand only if ET E =T E. T being a linear operator on V.

Solution:- Do yourself..
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