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1.0 Objective 

After going through this unit you will understand: 

 Complexity of an algorithm 
 Recurrence relation 
 Different methods for recurrence relation  

1.1 Introduction 

Algorithm complexity is a measure which evaluates the order of the count of operations, 
performed by a given or algorithm as a function of the size of the input data. To put this simpler, 
complexity is a rough approximation of the number of steps necessary to execute an algorithm. 
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When we evaluate complexity we speak of order of operation count, not of their exact count. 
For example if we have an order of N2 operations to process N elements, then N2/2 and 
3*N2 are of one and the same quadratic order. In this unit we will learn to evaluate the order 
of any given function. Apart from this this unit also explains the summations and recurrences.  

1.2 Growth of Functions 

One of the important criteria in evaluating algorithms is the time it takes to complete a job. To 
have a meaningful comparison of algorithms, the estimate of computation time must be 
independent of the programming language, compiler, and computer used; must reflect on the 
size of the problem being solved; and must not depend on specific instances of the problem 
being solved. The quantities often used for the estimate are the worst case execution time, and 
average execution time of an algorithm, and they are represented by the number of some key 
operations executed to perform the required computation.  

As an example for an estimate of computation time, let us consider the sequential search 
algorithm. 

Example: Algorithm for Sequential Search  

Algorithm   SeqSearch(L, n, x)  
L is an array with n entries indexed 1, .., n, and x is the key to be searched for in L.  
Output: if x is in L , then output its index, else output 0.  
   index := 1;  
   while ( index ≤n  and  L[ index ] ≠x )  
         index := index + 1 ;  
   if ( index > n ) , then index := 0  
   return index .  

The worst case time of this algorithm, for example, can be estimated as follows: First the key 
operation is comparison of keys comparing L[ index ] with x . Most search algorithms (if not 
all) need "comparison of keys". The largest number of execution of this comparison 
is n , which occurs when x is not in L or when x is at L[n], and the while loop is 
executed n times. This quantity n thus obtained is used as an estimate of the worst case time of 
this sequential search algorithm.  

Note that in the while loop two comparisons and one addition are performed. Thus one could 
use 3n as an estimate just as well. Also note that the very first line and the last two lines are 
not counted in. The reasons for those are firstly that differences in implementation details such 
as languages, commands, compilers and machines make differences in constant factors 
meaningless, and secondly that for large values of n , the highest degree term in n dominates 
the estimate. Since we are mostly interested in the behavior of algorithms for large values 
of n , lower terms can be ignored compared with the highest term. The concept that is used to 
address these issues is something called big-oh, and that is what we are going to study here. 

 



1.2.1 Big - Oh 

The following example gives the idea of one function growing more rapidly than another. We 
will use this example to introduce the concept the big-Oh. 

Example: f(n) = 100n2, g(n) = n4, the following table and figure show that g(n) grows faster 
than f(n) when n > 10. We say f is big-Oh of g. 

n f(n) g(n) 

10 10,000 10,000 

50 250,000 6,250,000 

100 1,000,000 100,000,000 

150 2,250,000 506,250,000 

 

 

Definition (big-oh): Let f and g be functions from the set of integers (or the set of real 
numbers) to the set of real numbers. Then f(x) is said to be O( g(x) ) , which is read 
as f(x) is big-oh of g(x) , if and only if there are constants C and n0 such that, 

| f(x) | ≤ C | g(x) |, whenever x > n0 .  
 

Note that big-oh is a binary relation on a set of functions. The relationship between f and g can 
be illustrated as follows: 

For example, 5 x + 10  is big-oh of  x2,   because 5 x + 10 < 5 x2 + 10 x2 = 15 x2   for   x > 1 .    

Hence, for C = 15 and n0 = 1 ,   | 5x + 10 | ≤C | x2 | .  

Similarly, it can be seen that  3 x2 + 2 x + 4 < 9 x2  for   x > 1 .   Hence 3 x2 + 2 x + 4 is O( x2 ). 

 

1.2.2 Big - Omega and Big - Theta 

Big-oh concerns with the "less than or equal to" relation between functions for large values of 
the variable. It is also possible to consider the "greater than or equal to" relation and "equal to" 
relation in a similar way. Big-Omega is for the former and big-theta is for the latter.  
 
Definition (big-omega): Let f and g be functions from the set of integers (or the set of real 

numbers) to the set of real numbers. Then f(x) is said to be ( g(x) ) , which is read 
as f(x) is big-omega of g(x) , if there are constants C and n0 such that 



     | f(x) | ≥ C | g(x) | ,whenever x > n0 .  

Definition (big-theta): Let f and g be functions from the set of integers (or the set of real 
numbers) to the set of real numbers. Then f(x) is said to be Ө ( g(x) ) , which is read 

as f(x) is big-theta of g(x) , if f(x) is O( g(x) ), and ( g(x) ) . We also say that f(x) is of 
order g(x).   

For example,   3x2 - 3x - 5  is ( x2 ) , because   3x2 - 3x - 5 ≥ x2   for integers x > 
2   (C = 1 , n0 = 2 ) . Hence by it is Ө(x2). 

Little - Oh and Little - Omega 

If f(x) is O( g(x) ), but not ( g(x) ) , then f(x) is said to be o( g(x) ) , and it is read 
as f(x) is little-oh of g(x) . Similarly for little-omega ( ).  

 

1.3 Summations 

When an algorithm contains an iterative control construct such as a while or for loop, its 
running time can be expressed as the sum of the times spent on each execution of the body of 
the loop. By adding up the time spent on each iteration, we obtained the summation (or series) 

𝒋

𝒏

𝒋 𝟐

 

Evaluating this summation yielded a bound of (n2) on the worst-case running time of the 
algorithm. Lists of several basic formulas involving summations are follows: 

Given a sequence a1, a2, . . . of numbers, the finite sum a1 + a2 + . . . + an can be written 

𝒂𝒌

𝒏

𝒌 𝟏

 

If n = 0, the value of the summation is defined to be 0. If n is not an integer, we assume that 
the upper limit is n . Similarly, if the sum begins with k = x, where x is not an integer, we 
assume that the initial value for the summation is x . (Generally, we shall put in floors and 
ceilings explicitly.) The value of a finite series is always well defined, and its terms can be 
added in any order. 

Given a sequence a1, a2, . . . of numbers, the infinite sum a1 + a2 +    can be written 

𝒂𝒌

𝒌 𝟏

 

Which is interpreted to mean 



𝐥𝐢𝐦
𝒏⟶

𝒂𝒌

𝒏

𝒌 𝟏

 

If the limit does not exist, the series diverges; otherwise, it converges. 

1.3.1 Linearity 

For any real number c and any finite sequences a1, a2, . . . , an and b1, b2, . . . , bn, 

 

The linearity property is also obeyed by infinite convergent series. 

The linearity property can be exploited to manipulate summations incorporating asymptotic 
notation. For example, 

 

In this equation, the -notation on the left-hand side applies to the variable k, but on the right-
hand side, it applies to n. Such manipulations can also be applied to infinite convergent series. 

 

1.3.2 Arithmetic series 

The summation 

 

which came up when we analyzed insertion sort, is an arithmetic series and has the value 

 

1.3.3 Geometric series: 

For real x  1, the summation 

 

 



is a geometric or exponential series and has the value 

                            

When the summation is infinite and |x| < 1, we have the infinite decreasing geometric series 

                            

1.3.4 Harmonic series 

For positive integer’s n, the nth harmonic number is 

 

1.4 Recurrences 

The asymptotic behavior of a function f(n) refers to the growth of f(n) as n gets large. 

We typically ignore small values of n, since we are usually interested in estimating how slow 

the program will be on large inputs. 

A good rule of thumb is that the slower the asymptotic growth rate, the better the algorithm. 

Though it’s not always true. 

For example, a linear algorithm f(n)=d∗n+kf(n)=d∗n+k is always asymptotically better than a 

quadratic one, f(n)=c.n2+qf(n)=c.n2+q. 

1.4.1 Solving Recurrence Equations 

A recurrence is a recursive description of a function, or in other words, a description of a 
function in terms of itself. Like all recursive structures, a recurrence consists of one or more 
base cases and one or more recursive cases. Each of these cases is an equation or inequality, 
with some function value f (n) on the left side. The base cases give explicit values for a 
(typically finite, typically small) subset of the possible values of n. The recursive cases relate 
the function value f (n) to function value f (k) for one or more integers k < n; typically, each 
recursive case applies to an infinite number of possible values of n. 
For example, the following recurrence (written in two different but standard ways) describes 
the identity function f (n) = n: 
 



𝒇(𝒏) =
𝟎,                          𝒊𝒇 𝒏 = 𝟎

𝒇(𝒏 − 𝟏) + 𝟏, 𝒐𝒕𝒉𝒆𝒓𝒘𝒊𝒔𝒆
 

 
The first line is the only base case, and the second line is the only recursive case. 
 
We say that a particular function satisfies a recurrence, or is the solution to a recurrence, if each 
of the statements in the recurrence is true. Most recurrences—at least, those that we will 
encounter in this class—have a solution; moreover, if every case of the recurrence is an 
equation, that solution is unique. Specifically, if we transform the recursive formula into a 
recursive algorithm, the solution to the recurrence is the function computed by that algorithm! 
 
Recurrences arise naturally in the analysis of algorithms, especially recursive algorithms. In 
many cases, we can express the running time of an algorithm as a recurrence, where the 
recursive cases of the recurrence correspond exactly to the recursive cases of the algorithm. 
Recurrences are also useful tools for solving counting problems—How many objects of a 
particular kind exist? 
By itself, a recurrence is not a satisfying description of the running time of an algorithm or a 
bound on the number of widgets. Instead, we need a closed-form solution to the recurrence; 
this is a non-recursive description of a function that satisfies the recurrence. For recurrence 
equations, we sometimes prefer an exact closed-form solution, but such a solution may not 
exist, or may be too complex to be useful. Thus, for most recurrences, especially those arising 
in algorithm analysis, we are satisfied with an asymptotic solution of the form (g(n)), for some 
explicit (non-recursive) function g(n). 
 
For recursive inequalities, we prefer a tight solution; this is a function that would still satisfy 
the recurrence if all the inequalities were replaced with the corresponding equations. Again, 
exactly tight solutions may not exist, or may be too complex to be useful, in which case we 
seek either a looser bound or an asymptotic solution of the form O(g(n)) or (g(n)). 
The Ultimate Method: Guess and Confirm: Guess the answer, and then prove it correct by induction. 

 
 
 
Example 1: Tower of Hanoi 
 
The classical Tower of Hanoi problem gives us the recurrence T(n) = 2T(n   1) + 1 with base 
case T(0) = 0. Just looking at the recurrence we can guess that T(n) is something like 2n. If we 
write out the first few values of T(n), we discover that they are each one less than a power of 
two. 
T(0) = 0, T(1) = 1, T(2) = 3, T(3) = 7, T(4) = 15, T(5) = 31, T(6) = 63, . . . , 
 
It looks like T(n) = 2n - 1 might be the right answer. Let’s check. 
 
T(0) = 0 = 20 - 1 
T(n) = 2T(n - 1) + 1 
        = 2(2n-1 - 1) + 1   [induction hypothesis] 
        = 2n - 1                 [algebra] 
We were right! Hooray, we’re done! 



Another way we can guess the solution is by unrolling the recurrence, by substituting it into 
itself: 
T(n) = 2T(n - 1) + 1 
        = 2 (2T(n - 2) + 1) + 1 
        = 4T(n - 2) + 3 
        = 4 (2T(n - 3) + 1) + 3 
        = 8T(n - 3) + 7 
 
It looks like unrolling the initial Hanoi recurrence k times, for any non-negative integer k, will 
give us the new recurrence T(n) = 2kT(n - k) + (2k - 1). Let’s prove this by induction: 
 
T(n) = 2T(n - 1) + 1                                    [k = 0, by definition] 
T(n) = 2k-1T(n - (k - 1)) + (2k-1 - 1)           [inductive hypothesis] 
        = 2k-1(2T(n - k) + 1)+ (2k-1 - 1)            [initial recurrence for T(n - (k - 1))] 
        = 2kT(n - k) + (2k - 1)             [algebra] 
Our guess was correct! In particular, unrolling the recurrence n times give us the recurrence 
T(n) = 2nT(0) + (2n - 1). Plugging in the base case T(0) = 0 give us the closed-form solution 
T(n) = 2n - 1. 
Similarly recurrences can be used for Fibonacci series, Merge sort etc. 

A recurrence relation can be solved using the following methods: 

 Substitution Method − In this method, we guess a bound and using mathematical 

induction we prove that our assumption was correct. 

 Recursion Tree Method − In this method, a recurrence tree is formed where each 

node represents the cost. 

 Master’s Theorem − This is another important technique to find the complexity of a 

recurrence relation. 

1.4.2 Master Theorem 

The master method provides a “cookbook” method for solving recurrences of the form 
 

T (n) = aT (n/b) + f (n), 
 

Where, a ≥ 1 and b > 1 are constants and f (n) is an asymptotically positive function. The 
master method requires memorization of three cases, but then the solution of many recurrences 
can be determined quite easily, often without pencil and paper. 
The recurrence describes the running time of an algorithm that divides a problem of size n into 
a sub-problems, each of size n/b, where a and b are positive constants. The a sub-problems are 
solved recursively, each in time T (n/b). The cost of dividing the problem and combining the 
results of the sub-problems is described by the function f (n).  

f (n) = D(n)+C(n). 
 

For example, the recurrence arising from the MERGE-SORT procedure has a = 2, b = 2, and f 
(n) = (n).  
As a matter of technical correctness, the recurrence isn’t actually well defined because n/b 
might not be an integer. Replacing each of the a terms T (n/b) with either T (_n/b_) or T (_n/b_) 



doesn’t affect the asymptotic behavior of the recurrence, however. We normally find it 
convenient, therefore, to omit the floor and ceiling functions when writing divide-and conquer 
recurrences of this form. 
 
The master method depends on the following theorem. 
 
Theorem  (Master theorem) 
Let a ≥ 1 and b > 1 be constants, let f (n) be a function, and let T (n) be defined on the non-
negative  integers by the recurrence  
 

T (n) = aT (n/b) + f (n), 
 
where we interpret n/b to mean either _n/b_ or _n/b_. Then T (n) can be bounded 
asymptotically as follows. 
 
1. If f (n) = O(nlogb a−_) for some constant _ > 0, then T (n) = _(nlogb a). 
2. If f (n) = _(nlogb a), then T (n) = _(nlogb a lg n). 
3. If f (n) = _(nlogb a+_) for some constant _ > 0, and if a f (n/b) ≤ c f (n) for 
some constant c < 1 and all sufficiently large n, then T (n) = _( f (n)). 

 

1.5 Summary 

The unit explained worst case, average case and best case time complexity of any given 
function like sequential search and binary search. You learnt the summations of various series 
like arithmetic series, geometric series and harmonic series. The unit also elaborated the 
recurrence relations and their complexity. You learnt different methods for solving recurrence 
relations like substitution method, master theorem and so on. 

1.6 Questions 

1. What do you mean by analysis of algorithms? Explain various criteria for analyzing 
algorithms. 

2. Give the significance of asymptotic growth order of a function. Explain the notations 
used to represent the rate of growth of running time of algorithms. 

3. What do you mean by complexity of an algorithm? Explain worst case complexity and 
average case complexity. 

4. Explain the significance of recurrence equation. Solve the recurrence equation  
T{n) = \6T(y,) + n. 

1.7 Suggested Reading 

1. Introduction to Algorithms by Charles E. Leiserson, Clifford Stein, Ronald Rivest, 
and Thomas H. Cormen. 

 


